
AIAA JOURNAL
Vol. 32, No. 12, December 1994

Coupled FEM-BEM Approach for Mean Flow Effects on
Vibro- Acoustic Behavior of Planar Structures

Franck Sgard,* Noureddine Atalla,1^ and Jean Nicolas*
University of Sherbrooke, Sherbrooke, Quebec J1K2R1, Canada

The originality of the present paper lies in the development of a formulation accounting for mean flow effects on
the forced vibro-acoustic response of a baffled plate. The importance of these effects on the vibrational behavior
of the plate, as well as on its acoustic radiation pattern, is investigated for a baffled plate with different kinds of
boundary conditions. The analysis is based on a finite element method for the calculation of the plate transverse
vibrations and the use of the extended Kirchhoff's integral equation to account for fluid loading with mean flow.
A variational boundary element method is used to compute the acoustic radiation impedance. The formulation
shows explicitly the effects of mean flow in terms of added mass, stiffness, and radiation damping. Details of the
formulation as well as its numerical implementation are expounded, and results showing the effect of mean flow hi
light and heavy fluid on the vibro-acoustic quantities, such as mean square velocity and radiated acoustic power,
are presented. It is seen that the effects of a mean flow amount to a decrease of the natural frequencies of the plate,
a small damping effect on the vibrations, and a change in the radiated acoustic power when compared with the
no-flow case. Besides, these effects increase with the flow speed. The negative stiffness added by the flow is shown
to be mainly responsible for the natural frequency shift effect. The changes in the radiated acoustic power are
explained in terms of important changes in the radiation efficiencies and modal cross-coupling induced by the flow.
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Nomenclature
plate length
reduced coupling impedance matrix,
[Zcoup] = mr[J3coup][S]
reduced radiation impedance matrix,
[Zray] = [S]T[Bray][S]
plate width
sound speed
surface elements surrounding points M and Q
on the plate
Young's modulus
acoustical force nodal vector
mechanical force nodal vector
structural energy functional
mechanical force acting on the plate
modified Green's function
plate thickness
structural stiffness matrix
structural stiffness matrix accounting for
structural damping
acoustic wave number, £2/co
points on the plate
structural mass matrix
point in space
Mach number, U^Q/CQ
shape function vector for normal displacement
wn
acoustic pressure
real part of [•]
transformation matrix defined by

= plate area
= kinetic energy of the structure
= flow speed

Received Aug. 21, 1993; revision received July 15, 1994; accepted for
publication July 18, 1994. Copyright © 1994 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Ph.D. Student, G.A.U.S., Department of Mechanical Engineering, Labo-
ratoire des Sciences de 1'Habitat, E.N.T.P.E., France INSA de Lyon, France.

* Professor, G.A.U.S., Department of Mechanical Engineering. Member
AIAA.

^Professor, G.A.U.S., Department of Mechanical Engineering.

ux
uz
(V2)
V(w, w)

w?
w

XM, XQ
XMV, yMv, ZMV

[Zra°y
U]

V*

v
na
ps

(•)
(•)r

(•)*

• x component of the particle acoustic velocity
= z component of the particle acoustic velocity
: plate mean square velocity
= strain energy of the structure
= work done by the acoustic forces on the
structure

= global structural displacement nodal vector
= work done by mechanical forces on the
structure

: structural normal displacement
= reference structural normal displacement
= structural displacement with normal component
wn

• x coordinate of point M and Q
= coordinates of point Mv
• coupling impedance matrix
= radiation impedance matrix
= plate structural damping
: frequency coherence function
= plate Poisson's ratio
= radiated acoustic power
= plate density
= fluid density
: circular frequency
= time derivative of (•)
= second time derivative of (•)
= Fourier transform of (•)
= transpose of (•)
= complex conjugate of (•)

I. Introduction

SEVERAL problems of sound generation involve a mean flow
past a vibrating body (e.g., aircrafts, underwater vehicles,

trains). This flow may considerably affect the vibrations and the
sound radiated by the structure as underlined by Crighton.1 To im-
prove noise prediction in such situations, it is necessary to develop
methods to measure and quantify the effects of a mean flow on
vibration and sound radiation patterns.

The effects of mean flow on structural stability have been largely
investigated through the study of panel flutter (self-excited vibra-
tions) (see Crighton1 for a detailed list of references). However,
not much attention has been given to the vibrational as well as the
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acoustical forced response of a structure in a mean flow, when the
structural displacement is not known in advance.

Several authors investigated the effect of mean flow on vibrat-
ing structures using techniques such as approximate analytical
methods, modal expansion, wave number and Laplace transforms,
and finite and boundary element methods: Dowling2 and Taylor,3
Dowell,4-6 Dzygadlo,7'8 Chang and Leehey,9 Abrahams,10 Brazier-
Smith and Scott,11 Astley,12'13 Astley and Bain,14 and Atalla and
Nicolas.15

Dowling2 analyzed the effect of mean flow on the sound gen-
erated by simple compact sources in motion (pulsating and jud-
dering sphere) at low Mach numbers. Her analysis revealed unex-
pected convected features such as sound amplification in the direc-
tion normal to the source motion. Taylor3 extended Bowling's work
to noncompact vibrating bodies and confirmed Dowling's results.
Dowell4"6 studied both the flutter and the forced response due to a
turbulent boundary-layer pressure fluctuation of a simply supported
baffled panel immersed in a mean flow and backed by a closed
rectangular cavity. In his analysis, he included nonlinear terms in
the panel equation of motion and allowed for mutual interaction
between the structure, the fluid inside the cavity, and the external
air flow. Expanding the panel displacement in terms of its in-vacuo
modes, he solved the problem using a numerical integration scheme
in the time domain (mixed wave number transform and Laplace
transform). As results, Dowell4 presented several time histories of
the panel velocity as well as the transmitted acoustic pressure spec-
trum inside the cavity. Using two different techniques, one based on
a series of eigenfunctions of the in-vacuum plate for the structural
displacement, the other based on a Laplace transform technique for
the structural equation of the plate, Dzygadlo7'8 obtained a solution
for the problem of forced vibrations of a plate of finite length and in-
finite width, flown past on one side by a planar supersonic flow. His
analysis allowed for mutual interaction between plate and flow and
revealed a critical Mach number Mcr at which the system exhibits a
resonance with unbounded amplitude when excited by a frequency
equal to the frequency of self-excited vibrations of the plate. Be-
low Mcr, the resonances of the system are bounded. Chang and
Leehey9 studied the radiation impedance and cross-modal coupling
impedance of a simply supported rectangular panel in an infinite
baffle in the presence of a uniform subsonic airflow, using a modal
expansion in normal modes of the transverse structural displacement
and a wave number transform. Their main conclusion was that mean
flow increased modal radiation resistances but affected modal radia-
tion reactance more strongly than radiation resistance. Abrahams10

discussed the case of a compressible uniform flow past semi-infinite
and finite plates using the Wiener-Hopf technique. Brazier-Smith
and Scott11 considered the case of a line-driven infinite plate in
an incompressible flow. Astley12 developed a mixed finite element
method (FEM) wave envelope scheme to account for the nonunifor-
mity of subsonic mean flow in the vicinity of the vibrating structure
(vibrating cylinders and juddering spheres). In another article,13 he
developed a mixed finite element/infinite element method to include
the distortion of the flow due to the plate perturbation. Astley and
Bain14 addressed the calculation of the acoustical velocity potential
of a structure whose displacement is prescribed (noncoupled prob-
lem), which radiates at high frequencies in a uniform flow at low
Mach number, using a modified boundary element method. Their re-
sults agreed well with analytic or other existing numerical solutions.
Finally, Atalla and Nicolas15 presented a formulation for mean flow
effects on the vibro-acoustic behavior of baffled plates and studied
the radiation of pistonlike radiators in the presence of mean flow.
Their approach is based on a variational formulation for the plate
vibrations combined with an extended Kirchhoff's integral equation
to account for fluid loading. They have solved the problem using a
Rayleigh-Ritz method where they have used a multipole expansion
of the mean flow modified Green's function in terms of a nondimen-
sional wave number kQa to evaluate the radiation impedance. How-
ever, their numerical results have been limited to the piston case due
to computational difficulties in evaluating higher modes (numerical
instabilities in their integration scheme). They have obtained trends
regarding radiation resistance and reactance in presence of mean
flow, similar to those found by Chang and Leehey.

Flow direction, z > 0: Uniformly
speed Uc moving fluid

z < 0: vacuum
Fig. 1 Geometry of the problem—coordinate system.

This paper builds on Atalla and Nicolas's work and goes be-
yond their numerical difficulties. It proposes a coupled finite ele-
ment/variational boundary element method that allows for the calcu-
lation of the low-frequency forced response of a point force excited
baffled plate, in a uniform subsonic and inviscid mean flow. The
main contribution of this paper lies in the general character of the
formulation. Indeed, the analysis is based on a finite element method
for the calculation of the structure transverse vibrations and the use
of the extended Kirchhoff's integral equation to account for fluid
loading with mean flow. A variational boundary element method
(BEM) is developed to compute the acoustic radiation impedance.
This general formulation can therefore be used to investigate the
structural and acoustical responses of any kind of planar structures
(complex shaped plates, multilayers, thick plates, etc.). A second
contribution rests on the fact that the formulation shows explicitly
the effects of mean flow in terms of added mass, stiffness, and ra-
diation damping and hence allows for an insight into the physical
effects of mean flow (however, structural instabilities will not be dis-
cussed). Finally, another important contribution lies in the numerical
implementation of the formulation. In particular, an efficient algo-
rithm for evaluating the different integral terms of the formulation
with efficient treatment of the singularities is developed. The au-
thors argue that the presented algorithm provides a better accuracy
and avoids the difficult problem of inversion faced in the complex
plane for the wave number transform approach that is commonly
used as previously mentioned.

The forced response of the plate in a mean flow is investigated
in both air and water. The natural frequencies of the loaded plate
are shown to decrease as the Mach number increases. This effect
has been found to be important in water but less pronounced in
air. Furthermore, the radiated acoustic power has been found to
increase sensitively with the flow speed. In air, the dominant effect
amounts to a damping due to the mean flow. For water, the flow
damping is negligible, and the main flow effect is a decrease of
the natural frequencies with the Mach number altogether with an
important increase of the radiated acoustic power. An explanation
of the aforementioned changes in the acoustic power is proposed in
terms of the change of the modal cross coupling and of the global
radiation efficiency, induced by the flow.

This paper is organized as follows. Section II outlines the theoret-
ical development of the analysis, and Sec. Ill presents the numerical
implementation. In Sec. IV, the mean square velocity of the plate
and the radiated acoustic power are evaluated for both the uncou-
pled and coupled fluid-structure problems in presence of mean flow
in air and water. Finally, Sec. V offers conclusions concerning the
effects of the mean flow on the forced response of the plate.

II. Theoretical Development
A. Statement of the Problem and Main Assumption

The geometry of the problem is described in Fig. 1. A rectangular
flat plate embedded in an infinite rigid baffle is immersed on one
side in a steady compressible potential fluid flowing along its x
direction with uniform subsonic flow speed U^ and corresponding
Mach number M^. The other side of the plate is in vacuum. The
geometrical characteristics of the plate are indicated in Fig. 1. The
fluid medium above the plate is unbounded with density po and
sound speed c0. The plate is excited by a point force that makes it
radiate sound in the moving fluid. We are interested in evaluating
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the mean square velocity of the plate as well as the acoustic power
radiated in the flow accounting for fluid coupling.

While vibrating, the plate creates an acoustic disturbance that
propagates in the flow. Even if the plate vibrations and the acoustic
field are considered to be coupled, it is assumed that mean flow
remains undisturbed.

B. Equations of the Coupled System
The starting point of the formulation is Hamilton's principle for

the structure. It can be written as

r/ F(w,pac)dt =
JtQ

0 (1)
for all kinetically admissible plate displacement w satisfying
<$H>OO) = Sw(ti) = 0.

The energy functional F(w, pac) associated with a plate in bend-
ing motion excited by a mechanical force and submitted to acoustical
loading, in terms of the plate displacement w and the pressure pac
at the surface of the plate, is given by (Bathe16)

w)-W^(w)-W*(wn,PuB) (2)

where

and

Wmech(w) = I /(M, 0 • w(M, t) dSM
>sp

Wac(wt̂ P,) = -t
Jsa

The discretization of the surface Sp into finite elements and the
interpolation of the structural displacement over each element allows
Eq. (2) to be rewritten in terms of the nodal unknowns { Wt} as

i, pac) = -i{Wi}T[M,]{

where

= -[Sf f
JsD

{Nw»(M)}pac(M,t)dSM

(3)

(4)

Using Eq. (3) into Eq. (1), the stationarity condition of the dis-
cretized Hamiltonian with respect to {W/} leads to the system

[Ks]{Wt} - {Fmech} - [Fac] = {0} (5)

The expression for the mass, stiffness matrices, and the mechan-
ical loading term can be found in classical FEM books (see, for
instance, Bathe16). The Fourier transform of Eq. (5) leads to

t } = {Fmech} + {Fac} (6)

where (•) denotes the Fourier transform of the quantity
=.C *<'>«-•"> *]•

To calculate the acoustic fluid loading, the acoustic pressure on the
plate should be related to the plate normal displacement. According
to Atalla and Nicolas,15 the surface pressure at a point M(XM, JM,
ZM = 0) on the plate is given by

pac(M, to) = -A>n2 / G(M, Q)wn(Q,
Jsp

I
•L

G(M,
OXn

st

9G(M,
-dSn (7)
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where
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G(M, Q) =

R =

The term G(M, Q) denotes the solution of the inhomogeneous con-
vected Helmoltz equation, subjected to the radiation Sommerfeld
condition. The first term of Eq. (7) is similar to the classic Rayleigh's
integral, whereas the three other terms involving G(M, Q) and its
derivative along the flow direction are due to the flow.

Expressing the normal displacement of the plate wn in Eq. (7) in
terms of the plate displacement nodal vector {W/}, one finds

(8)

where

(C(M, n)> = - G(M, Q){Nw»(Q)}TdSQ

/

n
O j ,

P
 3xQ

r°Mo°A
' JSa

 3X**

Q) 3

dx.
[Nw»(Q)}TdSQ (9)

Substituting Eq. (8) into Eq. (6), one can write the coupled forced
problem as

t] = {Fmech} (10)

(ID
where [ZCOUp] is given by

[zcoup] =
where

[£couP]= \jtopo f f {NW»(M)}G(M, Q)
L Jsp Jsp

x {AT- (Q)}TdSM dSQ + po^oMoo f f {Nw»
Jsp Jsp

(M)}

x G(M, Q)-{
OXQ

dx

f f 3
I I {^"'"(M)} —— G(M, (Q)

Jsp Jsp
 3xM

ar^ c jc .PvclMlo f f)} a^M^Q-j—-— / I
^ Jsp Jsp

W, 2) —— {NWn(Q)}TdSMdSQ
OXQ \

(12)

It is worth noting that the double surface integrals enable the re-
moval of the singularities associated with G(M, Q) and its derivative
along x.
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Note that for the no-flow problem, [ZCOUp] represents the classical
impedance matrix for fluid structure coupled problems. Its imagi-
nary part represents added mass and its real part the radiation damp-
ing. In case of flow, an interpretation of [ZCOUp] can only be given
at lower frequencies. In this case, the first term on the right-hand
side of Eq. (12) contributes mainly to the added mass; the second
and third term contribute to the added damping and are proportional
to poUoo. Finally, the last term contributes principally to the added
stiffness and is proportional to poU2^. Note that mis formulation is
general and can deal with any planar structural shape.

C. Calculation of the Vibro- Acoustic Quantities
Once system (10) has been solved in terms of the plate nodal dis-

placements { Wt }, the mean square velocity of the plate, the acoustic
pressure at a point Mv in space, and the acoustic power nac can be
recovered as shown as follows.

L Mean Square Velocity of the Plate
The mean square velocity is calculated from the follow-

ing formula:

= j^{W*}T[Sf\ I {Nw»(M)}{Nw»(M)}TdSM pW

(13)

2. Acoustic Pressure
The expression for the acoustic pressure at a point Mv in space is

found using Eq. (8) with

-Ml (ZMV -

in the expression for the modified Green's function:

(14)

3. Radiated Acoustic Power
The acoustic power radiated in a moving flow is given by Myers17

and can be written as

nac = Re| -£ f [
I z Jsp

+ pQU00ux(M9

where

and

(15)

= [Sf[Bray][S] (16)

[Bray] = \jQpo I I {AT»(M)}G(M, Q){N»"(Q)}TdSMdSQ
L Jsp Jsp

f f 9 m. r

A, A, 9*e e

/ f -^-{NW"(M)}G(M, Q){Nw"(Q)}TdSMdSQ
Jsp Jsp °XM

Jsp Jsf
 dxi»

'MdSej (17)

III. Numerical Implementation
A. Calculation of the Structural Mass and Stiffness Matrices

The mass and stiffness matrices as well as the mechanical
force vector of the plate have been calculated using a finite
element method, based on the library of the finite element code
MODULEF.18 To model efficiently thin-plate bending, the triangu-
lar element discrete Kirchhoff's triangular plate (DKTP) element19

was chosen to calculate the mass and stiffness matrices of the plate.

B. Numerical Evaluation of the Radiation Impedance and Treatment
of Singularities

To calculate the impedance matrices (11) and (16), the surface of
the plate is meshed using linear triangular elements 7} (the shape
functions [NWn] are linear). The double surface integrals in Eqs.
(12) and (17) are then written as a sum of elementary integrals over
triangles 7} x 7). The calculation of the integrals is simplified by
mapping each surface triangular element 7} into the corresponding
parent element in the reference space.

To evaluate an elementary integral involving two different tri-
angles TI and 7}, a Radau Hammer20 (RH) numerical integration
scheme is used. Basically, this scheme replaces the integral by a
weighted sum of the integrand evaluated at a certain number of
points N. The number of integration points N to be taken depends
on the ratio d/X and R/X where d is the characteristic length of
an element, R is the distance between two elements, and A, is the
acoustic wavelength.

For a double surface integral involving the same element 7}, the
kernels G(M, Q) and dG(M, Q)/dxM become singular. To remove
the singularity, the kernels are expanded into a regular part and a
singular part. The regular part is evaluated using a double surface
RH scheme. The singular part is first analytically integrated with
respect to the first triangle in polar coordinates to remove the singu-
larity, then numerically integrated with respect to the second triangle
using an RH scheme. This semi-analytical integration removes the
singularity and provides a better accuracy for the calculation of the
singular integrals. It implies, though, a large amount of analytical
manipulations20 that will not be completely detailed here for the sake
of conciseness. However, the key steps of the method of calculation
are explained in the Appendix.

IV. Results for the Forced Response of a Plate in a
Mean Flow

The proposed formulation has been validated and was shown to
provide good results for fluids at rest and for pistonlike radiators in
a uniform mean flow.

To study the effects of mean flow on the vibro-acoustic behavior
of the plate (i.e., its mean square velocity and radiated acoustic
power), two situations will be considered: light fluid (air) and heavy
fluid (water). The numerical experiments shown here considered an
aluminum plate with structural damping rjs = 0.01 excited by a
point force of amplitude 0.5 AT, located on the plate at (x = 0.3275,
y = 0.2875). The characteristics of the plate were a = 0.455 m,
b = 0.375 m, E = 7.2 x 1010 Pa, h = 2.5 mm, v = 0.3, and
ps = 2700 kg/m3. The values of density and sound speed were
pQ — I kg/m3 and CQ = 340 m/s in air and p0 = 1000 kg/m3 and
c0 = 1460 m/s in water. A regular mesh of 16 x 13 nodes was used
for the calculations.

A. In Air
Results are presented in Figs. 2-4. Both the noncoupled (Fig. 2)

and the coupled problems (Figs. 3 and 4) were investigated. Figure
2 shows the effect of mean flow on the radiated sound power when
fluid loading is neglected (i.e., noncoupled problem). This is done by
first solving for the vibrations of the plate, neglecting fluid loading
and mean flow effects, then calculating the radiated acoustic power
in the presence of mean flow. As can be seen in Fig. 2, the effect of
flow is negligible for small Mach numbers (M^ < 0.2). For higher
Mach numbers, there is an increase of the radiated acoustic power
brought in by the mean flow. Figures 3 and 4 show the same trends,
but this time fluid loading and mean flow effects are accounted for
in the vibrational response of the plate. Figure 3 shows the effect
on the mean square velocity and Fig. 4 on the radiated acoustic
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Table 1 First three resonance peaks (in Hz) in air at M^ = 0 and 0.6; case
i: first + fourth term of Eq. (12), case ii: all terms of Eq. (12)

Mach number, Mode

Moo

0

0.6

Casei

——

67.0

1(1,1)
Case ii
72.2

66.5

Mode 2 (2, 1)

Casei
——

153.6

Case ii

160.5

152.7

Mode 3 (1, 2)

Case i

— —

201.1

Case ii

202.3

200.9

100

g^ 80

£ 60
*<D

co 40

0.5 1.0 1.5

Fig. 2 Acoustic power in the case of the noncoupled problem in air for
MOO = 0,0.2,0.4, and 0.6.

-30

;-50

j-60
i

-80

-90
0.5 1.0 1.5 •k0a

Fig. 3 Mean square plate velocity in the case of the coupled problem
in air for M^ = 0,0.2,0.4, and 0.6.

0.5 1.0 1.5

Fig. 4 Acoustic power in the case of the coupled problem in air for
MOO = 0,0.2,0.4, and 0.6.

power. Once again, mean flow effects are negligible for small Mach
numbers but are important for higher Mach numbers.

The major effect appearing in both the noncoupled and coupled
cases is a global increase of the radiated acoustic power with the
flow speed. An explanation of this phenomenon may be found in the
increase of the global radiation efficiency of the plate with the Mach
number. Indeed, this increase is clearly exhibited when calculating
the radiation efficiencies of the plate, in the case of the coupled
problem for air at rest and for air moving at a Mach number equal
to 0.6. In addition, at low frequencies, the modal radiation efficien-
cies were found to increase with the flow speed (results not reported
here for conciseness). Note that similar conclusions are obtained in
the case of the noncoupled problem. In the latter case, mean flow
makes all of the structural modes more efficient acoustic radiators.

This is easily understandable in the case of the noncoupled problem,
since the additional energy brought in by the flow does not modify
the vibratory energy and cannot be transferred from one mode to
another through modal coupling. Therefore, the structure dissipates
more energy in the form of acoustic energy at all frequencies. In the
case of the coupled problem, this is more complex since the sup-
plementary energy convected by the flow may be redistributed into
acoustic as well as vibratory energy. Indeed, through fluid coupling,
vibratory energy can be mutually transferred between radiating and
nonradiating structural modes. As discussed in the next section, a
way of explaining the increase of radiation efficiency and the de-
crease of the mean square velocity of the plate may be found in the
cross-modal coupling induced by the mean flow.

The coupled problem (Figs. 3 and 4) shows fundamental differ-
ences with the noncoupled situation. First, there is a decrease of the
natural frequencies of the plate due to mean flow. This is apparent
in Figs. 3 and 4 through the leftward shift of the resonance peaks
of both the mean square velocity and the radiated power. This shift
increases with Mach numbers, but it is negligible for Mach numbers
less than 0.2. The observed shift in the natural frequencies actually
results from the importance of fluid coupling due to mean flow. In
the no-flow case, fluid loading effects are twofold, added mass and
acoustic radiation damping, both being negligible in air. In case of
mean flow, as discussed in the formulation (at least at lower frequen-
cies), flow coupling effects comprise added mass, added stiffness,
and acoustic radiation damping. Since the added mass term is inde-
pendent of the flow speed and has been checked to be negligible for
air, it is reasonable to think that the shift effect is mainly due to the
added stiffness. To show this, the coupled problem is solved when
the damping effects are neglected [i.e., neglecting the second and
third terms accounting for damping in the expression of [Zcoup] in
Eq. (11)]. Table 1 summarizes the results for M^ = 0.6. It compares
the position of the resonance peaks for the first three modes of the
plate, with and without the flow added damping terms. The positions
of the resonance peaks at M^ = 0 are also given to show the extent
of the frequency shift induced by the flow. From Table 1, it is clearly
seen that in air the added stiffness is in a large part responsible for
the resonance frequencies shift. This shift being leftward, the added
stiffness effect is negative.

Second, added damping effects due to mean flow show up clearly
in Fig. 3 where the classical damping trends are found (widening
of the resonance peaks and decrease of the peaks amplitude). This
damping effect increases with the flow speed, which is consistent
with Eq. (12) (i.e., the damping term is proportional to Po^oo)-
Indeed, Table 1 shows that the shift of frequency brought in by the
damping term is small.

The previous discussion indicates that the different effects of
mean flow, that is to say, the decrease of the resonance frequen-
cies, the added damping and increase of the radiated acoustic power,
cannot be neglected for higher Mach numbers even for a light fluid.

Finally, it should be noted that one must be aware that, above
a critical value of UQQ, structural instabilities start occurring (e.g.,
divergence and flutter instabilities), making this linear theory not
adapted. The study of these instabilities is, however, not the purpose
of this paper.

B. In Water
The purpose of this section is to discuss the effect of mean flow

for a heavy fluid with a small Mach number. The coupled problem
in water, without and with mean flow, was considered. In the latter,
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Table 2 First three resonance peaks (in Hz) in water at MOO = 0 and 0.007;
case i: first + fourth term of Eq. (12), case ii: all terms of Eq. (12)

Mach number, Mode

Moo

0
0.007

Case i

12.2

1 (1, 1)
Case ii

14.4
11.6

Mode 2 (2, 1)

Casei

42.2

Case ii

46.0
42.6

Mode 3 (1,2)

Casei

60.5

Case ii
61.2
59.2

-40

-70

-90

-100

(1,1)

MTO = 0.007

0.05 0.10 0.15 'k0a

Fig. 5 Mean square plate velocity in the case of the coupled problem
in water for MOO = 0 and 0.007.

80

r eo

8 40

20

0.05 0.10 0.15

Fig. 6 Acoustic power in the case of the coupled problem in water for
Moo = 0 and 0.007.

a Mach number equal to 0.007 (Uoo = 10.2 m/s) was used. Figures
5 and 6 show, respectively, the obtained mean square velocity and
radiated acoustic power. Since there is a strong modal density in
the frequency range studied here, only the first three modes are
considered for the sake of clarity.

As seen in Figs. 5 and 6, the effect of the flow appears to be more
important on the radiated acoustic power than on the mean square
velocity of the plate. As in the case of air, there is a decrease of the
resonance frequencies of the plate. This decrease is important at low
frequencies but seems to weaken at higher frequencies. However, in
contrast with the results in air, the shift is important even at small
Mach numbers. As in air, the negative added stiffness has been
found to be mainly responsible for this effect. Table 2 compares
the position of the resonance peaks for the first three modes of the
plate in water, with and without the flow added damping terms. It
appears that, for the first two modes [i.e., Mode (1,1) and (2, 1)],
the negative added stiffness term is, in a large part, responsible for
the natural frequencies shift. However, as the frequency increases,
the contributions of the damping and stiffness terms become of
equal importance.

Figure 5 shows that the damping effect is less pronounced than
in air. This is logical since it can be seen from Eq. (12) that the ratio
of the added damping term to the inertia term is proportional to
Uoo/^a). For the range of frequencies and flow speeds considered
(i.e., UOQ = 10 m/s in water), this ratio is much smaller in the case
of water compared with air.

As in air, the radiated acoustic power globally increases with
the flow speed except for modes (1, 1) and (1, 2). In particular, the
increase of the radiated power appears to be particularly pronounced
for mode (2, 1) (cf. Fig. 6). This is partially corroborated by the

0,3)

0.05 0.10 0.15 0.20 0.25 0.30 0.35 k0a

Fig. 7 Coherence function for mode (1, 1) in water for MOO = 0
and 0.007.

10°
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10'=

(1,2) (2)2)X(2,2)
(3,2)
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0
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Fig. 8 Coherence function for mode (2, 1) in water for MOO = 0
and 0.007.

calculation of the radiation efficiency of the plate that decreases with
the flow speed for mode (1,1) and (1,2) but increases for modes
(2,1). Another possible explanation for these changes in the radiated
acoustic power may be found in the extra modal coupling brought
in by the mean flow. To quantify this modal coupling, a frequency
coherence function (see Figs. 7 and 8) between a reference modal
shape and the structural shape of the plate wn at frequency £2 is
defined as follows:

0(0) = (18)

This function indicates, at each frequency, the correlation between
the normal displacement field of the plate and the reference modal
shape. The reference modal shapes were chosen as the in-vacuum
modal shapes of a simply supported baffled plate. The in-vacuum
modal shapes have been chosen for their accuracy and the simplicity
of their numerical implementation. Figures 7 to 8 show coherence
functions for two reference modal shapes corresponding to the first
two in-vacuum modes [modes (1,1) and (2, 1)] for M^ = 0 and
0.007. In the no-flow case, the classical conclusions (Berry21'22)
concerning the importance of coupling between odd-odd modes in
a heavy fluid, are seen in these figures. For instance, Fig. 7 shows
that for the (1, 1) mode the coupling is more important with the
(1,3) and (3, 1) modes than with the other modes (i.e., odd-even,
even-odd, and even-even modes). However, in the case of flow it is
seen that the flow introduces a strong coupling even between modes
that were weakly coupled in the no-flow case. Note, for example,
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the importance of coupling between the (1, 1) and (2, 1) modes in
Fig. 7. Since this coupling phenomenon expresses energy transfer
between different modes, modes that radiate weakly in the no-flow
case may become important radiators in presence of mean flow
and the converse. This may explain the global increase of radiated
acoustic power in the presence of mean flow. Figure 8 confirms these
trends. These explanations have also been checked for the case of
air using the previous coherence function. In conclusion, keeping in
mind the simplicity of the criterion defined by Eq. (18), the modal
cross coupling brought in by the mean flow may be responsible for
the global increases in the acoustic power radiated by the plate.

V. Conclusion
In this paper, an FEM-BEM implementation of a general formu-

lation for the vibro-acoustic analysis of a flat plate past which there
is a uniform mean flow has been presented. This formulation shows
explicitly the effects of the mean flow in terms of added mass, damp-
ing, and stiffness. Excellent agreement has been obtained between
this approach and the existing literature in the no-flow case and for
pistonlike radiators in mean flow.

A discussion of the effect of mean flow on the vibro-acoustic in-
dicators of the plate has been presented. In particular, two situations
have been considered: light fluid (air) but large mean flow and heavy
fluid (water) but small mean flow.

In air, the effect of fluid loading may be neglected for small Mach
numbers (M^ < 0.2). But at higher Mach numbers fluid coupling
is no longer negligible. One of its effects is to decrease the natural
frequencies of the plate. It has been found that this is mainly due to
the negative stiffness added by the mean flow, which may also lead
to structural instabilities (not investigated here). Another important
mean flow effect is an increase of the radiation damping that causes
a damping of the vibrations of the plate and a global increase of the
radiated acoustic power.

In water, the previous conclusions hold even for small flow speeds.
An investigation of cross-modal coupling introduced by the flow has
been discussed. It has indicated that in both air (with large Mach
numbers) and water (even at small Mach numbers) cross-modal
coupling becomes important. This coupling may also explain, to
some extent, the global increase of the radiated power in the presence
of mean flow.

Appendix: Method of Calculation of the Singular Parts
The calculation of [Zcoup] and [Zray] requires the computation of

matrix terms of the form

[A,]=/ I {N^(M)}K(M,Q){NW"(Q,)}TASMASQ (Al)
JS Js

and

= I
Js

(A2)
where K(M, Q) denotes the modified Green function or its deriva-
tive. When the surface S is discretized into linear triangles (linear
shape functions) 7}, [Ai] and [A2] can be rewritten in terms of the
area coordinates over each reference triangles, namely, (fi, £2> £3)
over ti and (771, rj2, 773) over tj (Fig. Al). Then,

''U,
*•//j^ j^

(A3)

(A4)

where the sign S is to be understood in the matrix assembling sense,
and Si and Sj denote the surfaces of the triangles 7} and Tj of interest
and come from the Jacobian of the change of variables in terms of

Fig. Al Semi-analytical integration.

the normal coordinates (fi, £2, £3). For each triangle 7), Rj
pl is a

transformation matrix given by

(A5)
_ x

where (jcjj, yj
p), p e [1,3], denote the coordinates in the real space

of each vertex of triangle Tj.
As noticed in Sec. Ill, the numerical difficulty resides in the com-

putation of [ZCOUp] and [Zray] when the triangles intervening in the
double surface integral are the same. In this case, the kernels be-
come singular and a semi-analytical integration scheme is proposed
to evaluate the integrals of concern, which are of the form

Dkl -a (M)e[l,3]x[0,3]
(A6)

where we have defined 770 as 1.
To calculate Dw, K(M, Q) is split into a regular part that is in-

tegrated numerically with a double surface Radau Hammer (RH)
integration scheme and a singular part that is semi-analytically in-
tegrated to eliminate the singularity and then seminumerically in-
tegrated with a single surface RH integration scheme. The singular
parts are of the form

nkl = I I
Jti Jti

(XM - xQT
*«
R

(m, n, k, /) € [0, 3] x [1, 3] x [1, 3] x [0, 3] (A7)

Figure Al shows a triangle Tt in the real space and the corresponding
triangle f, mapped in the reference space (normal coordinates). Let
M and Q be two points of triangle Tt (real space). These points are
mapped onto the reference triangle f/ into M0 and Q0- Coordinates
(£1»£2* £3) refer to point M0 and (77!, r]2, ^3) to point Q0. The distance
between M and Q is denoted R, and the distance between M0 and
Qo is denoted p\ 0 refers to the angle at vertex 3 of the triangle of
concern 7} in the real space shown in Fig. Al.

In this paper, the so-called method of semi-analytical integration
consists in integrating Cmnki with respect to (r/l5 r?2»). Let <p denote
the angle between the line (M0, Qo) and the horizontal axis. The
integration with respect to (jji, rj2>) is achieved using the change
of variables:

(A8)

From Fig. Al, the following relationships are derived:

where

XM ~ XQ = (£1 -

(A9)

+* (A10)

+ (fe ~ *72)*23 (All)
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Expressing XM — XQ and R in terms of p and y> yields

#(p, cp) = py a1 sin2 cp -f b2 cos2 (p + 2ab cos 0 cos <p sin <p

(A12)

*M - *e = -Pfria cos (59 + *23 sin<p] = -pg((p) (A13)

Using Eqs. (A8), (A12), and (A13), Cmnki can then be rewritten as

Cmnkl = (A14)

Finally, the integrals with respect to (p , <p) that have to be calculated
amount to the calculation of terms of the form

[
= /

Jti

,, .dpd<p

(A15)

where £ denotes the vector (£1 , £2, §3), and h(p,(p,i=i, £2) is a poly-
nomial in the variables p, cos #?, sin (p, i= i, and £2-

Integrating with respect to p over each subtriangles TI, T2, TS,
/„(£) becomes

/

93

,2

-d(p

where

. /*

= /
Jo

/•eoJJU

M«ai,fc) = / Sm

JO

(A16)

(A17)

(A18)

(A19)

Finally, the integration of hi, h2, and h3 with respect to <p is done
analytically using multiple algebraic manipulations that will not be
detailed here for the sake of conciseness (cf. Sgard and Atalla20).
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